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Abstract 
The theory of the Laslett direct space-charge effect is 
well established since many years. Nevertheless, the fact 
that transverse coherent tune shifts and decoherence of 
transverse oscillations have been attributed to direct 
space-charge, by lack of other explanations, is the origin 
of a lasting controversy. The observed decoherence in 
the CERN SPS and the expected decoherence in the 
CERN LHC have such profound consequences for the 
construction of transverse feedback systems that lifting 
the controversy has an interest that is more than purely 
academic. A collection of beam observations is 
presented concerning tune shifts and decoherence where 
the space-charge effect is eminent A physical model is 
proposed from which tune shifts and decoherence can 
easily be derived. The computation can not only be 
applied to machines where the effect is modest but not 
negligible, as the SPS and the LHC, but also to the 
CERN PS and PSB where the effect is massive. 
1 INTRODUCTION 
A complete and thorough study on direct space-charge 
and image forces has been published by L.J. 
Laslett 1963. This report is merely an application of the 
theory developed in that classical paper [1]. 
The direct space-charge effect is well known in 'low' 
energy high intensity hadron machines. It is sufficient to 
compute the space-charge term of Laslett's formula (6) 
which yields essentially a transverse tune shift, and then 
check its relevance in a particular case. Extremely large 
values are obtained at injection in the CERN PSB 
('Booster') and in the CERN PS (∆Q ~ -0.25). The 
tune shifts for high intensity bunches (p - , LHC type 
beam) at 26 GeV/c in the CERN SPS are significant 
(∆Q ~ -0.03..-0.05). We will address the following 
dilemma. Is it a valid hypothesis to assume that the 
spread in the space-charge tune shift is responsible for 
the decoherence that is observed experimentally in the 
SPS? If that is the case, then how is it possible that 
coherent signals are observed for a considerable number 
of turns at injection in the CERN PSB and PS? The 
question is not purely academic. Indeed, decoherence 
arising from space-charge implies stronger, hence more 
expensive, transverse feedback systems in the SPS and 
also in the LHC to preserve transverse emittance against 
adverse effects from injection oscillations. 
2 M O D E L 
It may be instructive to compare the action on the 
beam of a classical quadrupole with the space-charge 
force. A beam with finite transverse dimensions will set 
up a transverse force arising from the fact that the electric 
and magnetic forces only cancel exactly when the beam 
is traveling at the speed of light The force is zero in the 
center of the beam for symmetry reasons. In first order, a 
force gradient is created across the transverse section of 
the beam. The space-charge is a multi-particle effect. 
Every particle is subjected to the influence of its 
neighbours within the relativistic opening angle 1/γ. 
Therefore it may be important to note that particles are 
not subjected to their own self-field. An external 
quadrupole creates a force which is zero in the magnetic 
center defined by its pole faces. The fundamental 
difference between the two focusing forces is that one is 
always centered on the beam while the other is always 
centered on its geometric reference planes. It may come 
as a surprise that the more simple of the two cases is the 
space-charge focusing which is pure quadrupole, while 
the external quadrupole focusing can be considered as a 
superposition of such apure quadrupole and a dipole. 
The strength of the dipole depends on the exact beam 
position in the quadrupole magnet. In fact this dipole is 
a perturbation and generates closed orbit distortions. 
The betatron frequencyof each particle in a beam is 
governed by the focusing force that it samples in one 
machine turn. It is independent of dipole perturbations 
that the particle may encounter in a linear machine. This 
statement remains true when space-charge forces are 
active. In other words, the betatron frequency of the 
major part of the beam around its transverse center is 
independent of the amplitude of the oscillation. In a real 
machine non-linear elements will create an amplitude 
dependence but that does not change the basic focusing 
picture. 
3 TUNE SHIFTS 
In this section we will address the problem of the 
observability of the tune shifts caused by the space-charge 
effect. The SPS, when operating as a proton-antiproton 
collider, provided a good testbed for this 
problem since it handled few but dense bunches. 
The tune shift caused by the direct space-charge effect 
can be expressed in various forms. They differ only by 
the choice of a particular combination of basic physical 
constants. Following Eq. (1) was found to be well 
adapted to the argumentation that is developed below: 
<∆Qsc> 
=- <β> RZ0ε0 , (1) 
<ib> 4π(E/e) γ
2σ2 
where <ib> is the average intensity over the bunch, 
<∆QSc> is the space-charge tune shift, <β> is the 
average optical function of the machine, R is its radius, 
Ε its energy, γ the relativistic factor, σ the rms 
transverse beam size, ε0 is Laslett's proportionality 
factor forthe direct space-charge effect which is uniquely 
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defined by the transverse beam sizes (including 
dispersion) and Z0 is the impedance of free space. 
Another effect that provides a tune shift proportional 
to the bunch intensity is the inductive wall impedance. 
That shift is given by: 
<∆Q2> =- <β> , (2) 
<ib> 4π(E/e) 
where is the transverse impedance. 
The focusing induced by a transverse inductive wall 
impedance is of a different nature as the shift imposed by 
the space-charge. It is important for what follows to 
pause and reflect on that Indeed, the deflection from the 
inductive wall is proportional to the impedance, to the 
local beam current and to the beam displacement Hence 
this effect can also be reduced to a gradient effect 
proportional to impedance and beam current, as the 
space-charge effect. That feature makes it a priori difficult 
to separate the two (collective) contributions in a single 
measurement. 
It is interesting to rewrite equations (1) and (2) in 
the following form. 
<∆Qsc> 




<∆Qz> =- <β> Sz ,Sz = . (4) 
<ib> 4π(E/e) 
Compare the terms Sz and Ssc. The term Sz, related to 
the transverse impedance, is independent of momentum, 
while Ssc is proportional with 1/γ for an invariant 
transverse emittance. 
Two sets of observations are presented. The first set 
concerns measurements performed at 315 GeV/c (γ=330) 
and the second performed at 26 GeV/c (γ =28). Bunch 
lengths and transverse emittances were also measured 
such that the number of undetermined parameters in the 
equations is reduced to a minimum. 
The measurement at 315 GeV/c was done both by 
the observation of unperturbed transverse Schottky 
signals and by the observation of the response of a 
kicked beam with the normal tune measurement system. 
It can be demonstrated that the signal level of the 
Schottky detector is compatible with Schottky noise for 
the beam sizes and intensities that prevailed during the 
experiment[2]. The difference between the average 
spectral value of the Schottky signal and the 'kick' 
value was ~0.00025. That is much less than the width 
of the Schottky spectrum (~0.001) and also less than the 
tune shifts that were observed. 
The measurement results are in Fig 1 for the vertical 
plane and in Fig 2 for the horizontal plane. 
Figure 1 : Vertical detuning 
Figure 2 : Horizontal detuning 
Consider the vertical plane first. It can be verified 
with the help of Eq (1) that any effect from the space-charge 
at 315 GeV/c is negligible as compared with the 
observed detuning, which can then be entirely attributed 
to transverse (inductive) impedance. 
From the measured slope follows Sν=Szν =23.5*106. The 26 GeV/c measurement yields Sν=60*106. The difference is attributed to the space charge, so that 
Sscν=36.5*106. 
The same exercise is executed in the horizontal 
plane. The detuning at 315 GeV/c gives Sh=Szh=20*106, and Sh=-1.5*106 at 26 GeV/c. The difference is again attributed to space-charge SJC*=18.5*106. 
The ratio of the vertical to horizontal space-charge 
tune shift is given by: 
Sscv = ε0v σh2 
=( εh 
)3.(5) ssch σv2 ε0h σv 
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The measured ratio SSCv/Ssch = 1.97. The theoretical 
ratio from Eq. (5) is Sscv/Ssch = 2.3 for the transverse 
beam sizes that were measured at 26GeV/c. The ratios 
are in good agreement. Hence, the observed detuning is 
indeed according to Eq. (1). 
It is tempting but wrong to equate the space-charge 
factor Ssc to a transverse impedance[3,4]. Indeed, a 
transverse impedance arises from a dipole moment 
involving the position of the center of the beam with 
respect to the center of the impedance object, typically 
the vacuum chamber. Space-charge fields are always 
centered on the beam, hence they cannot contribute to a 
transverse impedance since their dipole moments are 
always zero. 
The space-charge and the wall-impedance effect exist 
both in the transverse and longitudinal planes. It is well 
known and well documented that the transverse 
inductive wall can be measured (detuning of the lowest 
mode) while the longitudinal inductive wall effect does 
not cause detuning of the lowest mode, it only provokes 
bunch lengthening. What may be regarded as a 
contradiction only appears as such for the following 
reason. The longitudinal inductive wall defocusing is 
proportional to second derivative of the intensity profile 
(the first derivative from the inductance, the second to 
find the longitudinal focusing gradient). The integral of 
this force (= first derivative of intensity profile) taken 
over a full bunch, is identically zero. The transverse 
inductive wall focusing is proportional to the local 
density. The integral of the transverse focusing force 
along a longitudinal bunch profile is different from zero. 
In other words, the impedance and also the space-charge 
effect, modify the frequency distribution without affecting 
the average in the longitudinal plane, while they change 
the average and leave the distribution unchanged in the 
transverse plane. Hence, the absence of a coherent tune 
shift by inductive wall or space-charge in the 
longitudinal plane is not due to the fact that the effect 
moves with the beam as has been claimed occasionally. 
4 TUNE SPREADS 
It is straightforward to compute with Eq (1) the 
space-charge tune shift along a proton bunch taking into 
account the local line density. In what follows a 
Gaussian density profile will be assumed although it 
should be noted that the results for a parabolic profile are 
not very different. In all cases it is assumed that the 
synchrotron tune is much smaller than the peak value of 
the space-charge tune shift. That is certainly correct for 
proton machines in the case where the space-charge is 
not negligible. This assumption permits a static 
approach of the problem. 










The space charge tune shift along the bunch is given 
by: 
q(t)=√2πσt∆Qf(t), (7) 
where σt is the bunch length and ∆Q the maximum of 
the space-charge tune shift at the peak of the bunch 
intensity. 
The frequency distribution function is given by : 
g(q,t)= dn = dn/dt = f(t) . (8) dq dq/dt q'(t) 
From (6) or (7) t can be eliminated, so that: 
g(q)= 1 . (9) 
∆Q√πln( ΔQ 
) q 
This profile is shown in Fig 3. 
Figure 3: Spectrum of space-charge for Gaussian 
bunches 
In spite of the fact that the distribution is far from 
Gaussian it can be characterised by a mean tune shift 
|qav/ΔQ| = 0.71 and a rms value of |δQ/ΔQ| = 0.28. The 
dashed curve is a Gaussian with these attributes. 
It has been shown [5] that the coherent amplitude of 
a beam with a Gaussian frequency distribution decays as 
a Gaussian as well. If the decoherencc time τdc  
(expressed in number of machine turns) is defined as the 
time needed for the coherent amplitude to reach 1/e of its 
initial value then: 
τdc= 
1 . (10) √2πδQ 
The inverse Fourier transforms of the functions in 
Fig 3, yield the impulse responses of the system. They 
are displayed in Fig 4 assuming a non-integer tune of q0 
=0.73 (replace q by q-q0) and ∆Q = -0.067, parameters 
that may become typical one day for the LHC type beam 
in the SPS. 
376 
Figure 4: Time response of space charge distribution 
and approximate Gaussian distribution 
The decoherence of both signals is similar and in 
agreement with Eq. (10). However, the space-charge 
signal exhibits a marked persistence which is due to the 
peaked nature of its spectrum. A kicked tune 
measurement in the SPS is shown in Fig 5. The 
transverse feedback is turned off during the measurement. 
The observed decoherence is in accordance with the 
previous formula and a willing eye may even detect 
some persistence in the oscillation. The vertical signal 
decay time is ~ 30 turns which would imply an average 
space-charge tune shift over the bunch of 0.026, again in 
accordance with the expectations. It has been stated in 
previous paragraph that the space-charge effect does not 
contribute to the transverse impedance. On the contrary, 
the spread of the effect contributes to Landau damping of 
instabilities with wavelengths which are longer than the 
bunch, i.e. coupled bunch instabilities. This has been 
confirmed experimentally [6]. 
Figure 5: Kicked beam signal in the SPS at 26 
GeV/c 
Fig 6 shows a Schottky scan in the SPS at 26GeV/c 
where the spectrum is dominated by the space-charge 
but a certain amount of non-linear effect is present as 
well. 
Figure 6: Schottky scan of 26GeV/c bunched 
beam in the SPS 
The characteristic peak in the distribution is clearly 
identifiable. Its role may be more important than the 
decoherence in machines with heavy space-charge. 
There, the persistence of the induced oscillation can be 
remarkable as may be seen in the following example 
taken in the CERN PS at 1GeV/c (γ=2). 
The longitudinal profile of a bunch with a 
population of 21012 protons is shown in Fig 7[7]. 
Figure 7: Longitudinal density of a proton bunch in the 
CERN PS at 1GeV/c. 
From this profile the transverse space-charge 
frequency distribution g(q) can be derived numerically. 
This discrete distribution was approximated by a 
smooth function. Both are shown in Fig 8. 
Figure 8: Computed transverse distribution functions 
for the bunch of Fig 7. 
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Since the frequency resolution of the smooth function 
is much larger, it was possible to compute the impulse 
response for a rather long time. The maximum of the 
space-charge tune shift was estimated to be ∆Q=0.22. 
The computed response assuming a non-integer tune q0 
= 0.34 is shown in Fig 9, while Fig 10 shows the 
signal of a beam position monitor after the injection of a 
beam containing 8 bunches. The time span on both 
figures is the same and is equivalent to 200 machine 
turns. 
Figure 9: Computed response of a beam with the 
smooth distribtion function of Fig 8. 
Figure 10: Injection oscillation signal of a beam 
consisting of 8 bunches. [7] 
It is fair to say that the agreement is good, both for 
the decoherence and for the persistence of the signal. The 
decoherence is relatively small since the distribution is 
rather flat in the middle. Remark that a perfectly uniform 
distribution would produce zero spread and no 
decoherence at all! 
5 CONCLUSIONS 
Physical considerations and a number of 
experimental data demonstrate the fact that both the shift 
and the spread of the direct space-chargeeffect can be 
observed on a proton beam. The spread can be perceived 
directly on Schottky scans and indirectly from the decay 
of coherent signals. The spread and the decoherence of 
transverse oscillations depend critically on the exact 
profile of the longitudinal density. In low energy 
machines as the CERN PS this profile may be closer to 
a uniform distribution than a Gaussian one such that the 
decoherence is limited even with very large space-charge 
tune shifts. Bunch profiles in SPS and LHC are much 
closer to a Gaussian and the decoherence becomes 
important. Hence, it is prudent and wise to include this 
effect into considerations involving decoherence and 
damping rate of coherent oscillations. 
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